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Introduction

RECENTLY, there has been much interest in adaptive struc-
tures that can respond to a varying environment by changing

their properties. Piezoelectric materials and shape memory alloys
(SMA) are often used as partial thickness actuators to create such
adaptivity by applied energy, usually electric current.1'2 These
actuators can be used to induce strains in a structure and reduce
stresses in regions of high stress concentration.

Two of the present authors showed that axisymmetric actuation
strains applied throughout the thickness of a plate with a hole can
reduce the stress concentration factor (SCF) in an isotropic plate
from 3 to 2 (Ref. 3). However, in most cases actuators are expected
to be bonded to or embedded in the plate, so that the actuation
strains are applied in the actuators and not directly in the plate.

The objective of this Note is to show that such partial-thickness
actuation cannot be used to reduce the stress concentration factor
with axisymmetric actuation strain distribution.
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Problem Definition
A plate with a small hole under uniaxial tensile loading (S) with

a ring of bonded and embedded actuators is shown in Fig. 1. The
plate is treated analytically as an infinite plate. The radial, tangen-
tial, and shear-stress distribution for this case are given by4

- -4 - M cos 20r / V r,
(1)

(3)

where A is the radius of the hole. In Ref. 3, our goal was to reduce
the stress concentration as measured by Von-Mises or maximum
shear-stress criteria by adding axisymmetric actuation strain fields
with the piezoelectric actuators placed near the hole. The actuators
account for only part of the thickness of the plate, being either
bonded or embedded to the plate in the vicinity of the hole.
Bonded and embedded actuators are shown in Fig. 1, where ta is
the thickness of each actuator and tp is the thickness of the plate.

The total stresses at radius r are given as

o = (4)

where a' and a^ are the radial and tangential stresses due to the
actuator action, respectively. The Von-Mises equivalent stress is
given by

°eq = (5)

where c^ and G2 are the principal stresses calculated from the total
stress components. The equivalent stress based on the maximum
shear-stress criterion is given by

(6)

when G! and O2 are of the opposite sign. When Oj and a2 carry the
same sign, then

= ° = (7)
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Fig. 1 Bonded and embedded actuators near the hole.



The stress concentration factor is defined as the ratio of the maxi-
mum equivalent stress to the applied stress (i.e., o>eq/5).

Analysis
The radial and tangential strains due to the actuator action in the

plate and in the actuators can be written as
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where ej. , e'e are the radial and tangential actuation strains, respec-
tively. Note that the actuation strains and the resulting stresses are
not constant through the thickness. However, we assume that the
actuation regions are symmetric through the thickness and that the
strains are constant through the thickness. Integrating Eqs. (8)
through the thickness and dividing by the total thickness fr, where

tT = 2ta + tp

we get

er = ~~~^ (™r — vNe) + er » ee = ~~~^* ^

(9)

(10)
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Fig. 3 Effect of full- and partial-thickness actuation on stress concen-
tration factor of the plate near the edge of the hole at 0 = 90 deg and v
= 0.3 (Von Mises stress criterion).

For axisymmetric response, the compatibility equation can be writ-
ten as

where E* is the average Young modulus, i.e.,

-/_/2 o* 17 , ,
£dz = * fl——£-£

tTJ-(tT/q tT

and e*, e^ are the average radial and tangential actuation strains,
respectively, i.e.,

e ' (z)dz (12)

-dr = 0

(11) and the equilibrium equation as

(15)

(16)

Substituting for e/ and £Q from Eqs. (10) and making use of the
equilibrium equation, we obtain the compatibility equation in the
following form:

In the present study, we assume that we have constant actuation
strain in the actuator (e1 = £l

a) and none in the plate, so that
_
dr

/J3\ Integrating the above equation with free edge boundary conditions
at r = A and at r —» «>, we obtain

NJ. , NQ are the stress resultants

O
U

-1

G7
rdz,

-0.5

o7dz (14)

full thk. actuation
P = 1/6

0.5
e' aE/ S

Fig. 2 Effect of full- and partial-thickness actuation on stress concen-
tration factor of the plate near the edge of the hole at 6 = 90 deg and v
= 0.3 (maximum shear-stress criterion).
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and substituting Nl
r in the equilibrium equation, we get

r JA

tTE*
r JAJA P

(18)

1-~A2\ e~ r dp (19)
2r JA P

Equating 8^ and e^ from Eqs. (8) and (10) and solving for a7

and (70, we get

. N' ( (er' - e^) + v (e; - ej,) (20)
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where N*r and A^Q are given by Eqs. (18) and (19). For the axi-
symmetric isotropic actuation with constant actuation strain in the
actuator, i.e., ej. and e^ = e^, and zero actuation strain in the
plate, the expressions for the stresses simplify. In the actuators, we
get

-£<)

(22)

while in the plate we get

-V

-V

(23)

-V

These equations were compared with finite element calculations
and close agreement was observed.

Note that Eqs. (22) and (23) predict nonzero radial stresses at
the hole boundary, r = A. This incorrect prediction is due to the
two-dimensional analysis. Thus, we can expect that the above
equations provide reasonable results only at a small distance away
from the hole. For the full thickness, we have only actuators and
(3=1 and the induced stresses are obtained from Eqs. (22) as

(24)
r JA

The above stress expressions for the full-thickness actuation are
the same as those obtained in Ref. 3.

Discussion
The mechanical stresses in the plate peak at the edge of the hole

at 0 = 90 deg where <JQ = 35" for a stress concentration factor of 3.
The variation of stress concentration factor in the plate near the
edge of the hole at 6 = 90 deg with normalized actuation strains for
full-thickness and partial-thickness actuations are shown in Figs. 2
and 3 for maximum shear stress and Von-Mises stress criteria, re-
spectively.

In the case of full-thickness actuation, when positive actuation
strains are applied, it can be seen from Eqs. (24) that the induced
stresses are compressive. Also, the induced tangential stresses are
quite large in magnitude compared to the induced radial stresses.
These induced stress distributions can produce large reduction in
the total tangential stresses at the edge of the hole and the stress
concentration factor. Figures 2 and 3 confirm the results obtained
in Ref. 3 that the stress concentration can be reduced from 3 to 2
(at which point 6 = 0 deg becomes critical in compression).

For partial-thickness actuation, the situation is different because
of the large radial stresses generated in the plate. Two partial-
thickness actuation cases of bonded actuators are shown. For P =
1/6, the actuator thickness is small compared to the thickness of
the plate. In the second case, the thicknesses of the actuators and
plate are the same, i.e., p = 1/2. For both cases, the induced stress
distributions are completely different from that obtained with the
full-thickness actuation. We can see from Eqs. (23) that near the
hole the radial induced stress is larger than the induced tangential
stress by a factor of 1/v. When we apply negative actuation strains,
the induced radial stresses in the plate increase near the edge of the
hole. This increases the stress concentration factor for both crite-
ria, as shown in Figs. 2 and 3, even though the total tangential
stress decreases. Positive actuation strains, on the other hand, in-

duce tensile stresses in the plate, and as we can see from Fig. 2, the
SCF based on maximum shear-stress criterion increases with the
applied actuation strains. However, the SCF based on the Von-
Mises stress criterion, as can be seen from Fig. 3, decreases as we
increase the applied actuation strain. But the decrease in stress
concentration factor with partial-thickness actuation is quite small
compared to the full-thickness actuation case. Similar results were
obtained with embedded actuators also. Stresses in the actuators
are similar to those obtained in the plate for the full-thickness
actuation.

Thus, it can be seen that the partial-thickness actuation is inef-
fective for axisymmetric distribution. This is due to the large radial
stresses produced by the actuators. This is in marked contrast to
the full-thickness actuation (Ref. 3) where the stress concentration
factor could be reduced from 3 to 2 by axisymmetric distributions.
Thus, with partial-thickness actuation stress concentration reduc-
tion can be achieved only with asymmetric actuation.5
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Introduction

THERE are no known closed-form solutions for the buckling
and free vibration behavior of skew plates. Therefore, numeri-

cal methods must be utilized to solve the problem. The most
widely used ones are various Rayleigh-Ritz methods, the Galerkin
method, the finite element method, the finite strip method, the
finite difference method, and the Lagrangian multiplier method.
Although the Rayleigh-Ritz method uses less computational effort
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